The shear viscosity plays an important role in studies of transport phenomena in ultracold Fermi gases and serves as a diagnostic of various microscopic theories. Due to the complicated phase structures of population-imbalanced Fermi gases, past works mainly focus on unpolarized Fermi gases. Here we investigate the shear viscosity of homogeneous, population-imbalanced Fermi gases with tunable attractive interactions at finite temperatures by using a pairing fluctuation theory for thermodynamical quantities and a gauge-invariant linear response theory for transport coefficients. In the unitary and BEC regimes, the shear viscosity increases with the polarization because the excess majority fermions cause gapless excitations acting like a normal fluid. In the weak BEC regime the excess fermions also suppress the noncondensed pairs at low polarization, and we found a minimum in the ratio of shear viscosity and relaxation time. To help constrain the relaxation time from linear response theory, we derive an exact relation connecting some thermodynamic quantities and transport coefficients at the mean-field level for unitary Fermi superfluids with population imbalance. An approximate relation beyond mean-field theory is proposed and only exhibits mild deviations from numerical results.
I. INTRODUCTION
Ultracold Fermi gases provide versatile quantum simulators for complex many-particle systems, and their transport properties have attracted broad research interest [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Among those transport phenomena, the shear viscosity relating the momentum transfer transverse to a shear force is often thought of as an important diagnostic of various microscopic or phenomenological theories for many-body systems. In particular, the ratio of the shear viscosity to entropy density of unitary Fermi gases, where fermions are about to form two-body bound states, has been shown to be close to the quantum lower bound [19] [20] [21] . Previous theoretical works, however, mainly focus on the shear viscosity of two-component Fermi gases with equal populations [8, 16, 22, 23] .
Since the populations of different components of ultracold Fermi gases can be adjusted [24] [25] [26] [27] [28] [29] , populationimbalanced Fermi gases have been an intensely studied subject in cold-atoms. The corresponding studies of population-imbalanced Fermi gases are more difficult since the low temperature phase structure is not a homogeneous mixture but rather a phase separation of paired and unpaired fermions [26, 28] . For example, the "intermediate-temperature superfluid" describes where homogeneous polarized superfluids appear [30] when a population-imbalanced ultracold Fermi gas undergoes the BCS-Bose Einstein Condensation (BEC) crossover as the attractive interaction increases. Here we focus on 3D systems and mention that other exotic phases and structures may emerge in 1D population-imbalanced Fermi gases [31] .
In the unitary and BEC regimes, preformed pairs due to strongly attractive interactions lead to noncondensed * cchien5@ucmerced.edu pairs which do not contribute to superfluidity. Theories incorporating noncondensed pairs are often called pairing-fluctuation theories [32] [33] [34] . At finite temperatures, the noncondensed pairs can lead to an energy gap in the single-particle dispersion even in the absence of superfluidity, which is usually called the pseudogap [35] . Thus, the pairing energy gap ∆ should be distinguished from the order parameter ∆ sc describing the condensed, coherent Cooper pairs. As a consequence, the pairing onset temperature T * is higher than the superfluid transition temperature T c in the strongly attractive regime. Among various approaches, one particular pairing-fluctuation theory consistent with the Leggett-BCS theory has been successfully generalized to describe polarized Fermi gases in the BCS-BEC crossover [30, 36] , and we will implement this particular theory here. The equations of state of population-imbalanced Fermi gases can be obtained and thermodynamic quantities such as the chemical potential and pressure can be determined.
A theoretical study of the shear viscosity of ultracold Fermi gases with population imbalance will be presented here, based on a gauge-invariant linear response theory called the consistent fluctuation of oder parameter (CFOP) theory [37] . The theoretical framework and key results are summarized in the Appendix. Importantly, a consistent description of the shear viscosity beyond mean-field should include both fermionic and bosonic (from noncondensed pairs) contributions [38] . Here, the former is obtained by the CFOP theory [37, 39] while the latter is approximated by an effective bosonic theory [38] . Since the system is phase separated at low temperatures in the BCS regime, we focus our studies on the unitary and BEC regimes at finite temperatures.
To help constrain the elusive relaxation time which appears in the transport coefficients obtained from linear response theory, we generalize a relation [38] connecting thermodynamic quantities and transport coefficients previously derived for unpolarized unitary Fermi superfluids. An exact relation for homogeneous, populationimbalanced unitary Fermi superfluids at the mean-field level will be presented. However, pairing fluctuations make a full derivation of the relation beyond mean-field quite complicated, and we instead present an approximate relation including the contributions from noncondensed pairs.
The paper is organized as follows. In Sec. II we briefly review the mean-field and pairing-fluctuation theories along with the corresponding gauge-invariant linear response theory for population-imbalanced Fermi gases in the BCS-BEC crossover. Sec. III presents the shear viscosity from mean-field and pairing-fluctuation calculations. For the latter, the fermionic and bosonic contributions are evaluated and discussed. Numerical results and analyses are presented subsequently. To help determine the relaxation time, in Sec. IV we present a relation connecting the pressure, chemical potential, shear viscosity, superfluid density, and anomalous shear viscosity of polarized unitary Fermi superfluids at the mean-field level. Then, an approximate relation is proposed and numerical results show the approximation works reasonably. Sec. V concludes our study. The theoretical details and derivations are summarized in the Appendix.
II. MEAN-FIELD AND BEYOND MEAN-FIELD THEORIES OF POLARIZED FERMI GASES
At the mean-field level, the equations of state of a twocomponent (labeled by σ =↑, ↓) population-imbalanced Fermi gas include two number equations and a gap equation [5, [40] [41] [42] . Assuming the two components have the same fermion mass m and densities n ↑,↓ , the equations are given by
There is no distinction between the order parameter and single-particle energy gap at the mean-field level, so we use ∆ to denote the gap. Here we take the convention = 1, k B = 1, K = (iω n , k), Q = (iΩ l , q) and K = T ωn k where ω n (Ω l ) is the fermionic (bosonic) Matsubara frequency. Moreover, µ σ is the chemical potential for each component (spin), g is the attractive coupling constant modeling the contact interaction between atoms, and a is the two-body s-wave scattering length. The unitary limit is determined by 1/(k F a) = 0, where k F is the Fermi momentum of a noninteracting Fermi gas with the same density.
As the attractive interaction increases, an unpolarized Fermi gas undergoes the BCS-BEC crossover [43] , where the ground state changes from a collection of Cooper pairs to a condensate of composite bosons. The BCS (BEC) regime corresponds to 1/(k F a) < 0 (1/(k F a) > 0). In contrast, the ground state of a polarized Fermi gas can exhibit structural transitions and a phase separation of paired and unpaired fermions can emerge in the BCS and unitary regimes [5, 36, 44] .
On the other hand, preformed pairs not contributing to the superfluid start to form at finite temperatures as the attractive interaction gets stronger, and we consider the more realistic situation which includes pairing fluctuation effects [5, 32, 33, 35, 45] . Here we follow a particular scheme [30, 32] consistent with the BCS-Leggett ground state in the unpolarized limit. In this theory, the full Green's function is
is the bare Green's function with ξ kσ = ǫ k − µ σ and the fermion self-energy is
withσ being the opposite of σ. To construct the tmatrix, we consider a spin-symmetrized pair susceptibility, or one rung of the ladder diagrams, consisting of one bare and one full Green's functions with the expression
. The t-matrix t(Q) is separated into the condensed (sc, Q = 0) and noncondensed (pg, Q = 0) pair contributions as t(Q) ≈ t sc + t pg with t sc (Q) = −(∆ Here ∆ sc is the order parameter and ∆ pg is the pseudogap which is approximated by ∆ 2 pg ≈ − Q =0 t pg (Q). The pairing onset temperature is determined by the temperature at which the total gap ∆ vanishes, while the superfluid transition temperature is determined by where the order parameter ∆ sc vanishes.
The equations of state with pairing fluctuations can be derived from
. Their explicit expressions are formally the same as Eqs. (1), but one has to distinguish the order parameter from the total gap. Similar to the mean-field result, at low temperatures the polarized Fermi gas is unstable against phase separation in the BCS and unitary regimes [26, 30] . Here we focus on the homogeneous phases and leave the definition and investigation of shear viscosity in the phase separated structures for future studies.
The phase diagrams of polarized Fermi gases have been shown in Refs. [30, 36] for gases in box potentials and harmonic traps. Fig. 1 shows the phase diagrams of polarized Fermi gases in a box potential in the unitary ((a) for 1/k F a = 0) and BEC ((b) for 1/k F a = 1 and (c) for 1/k F a = 3) regimes. The polarization is defined by p = δn/n. The homogeneous superfluid or pseudogap phase in the BCS and unitary regimes is unstable at low a = 1, 3) . 'Sarma' indicates the uniform superfluid phase, 'PS' corresponds to the phase separation, 'Pseudogap' denotes the homogeneous paired normal phase, and 'Normal' denotes the unpaired Fermi gas phase. Here n = k
temperatures against phase separation. The phase separation (PS) structure is a coexistence of an unpolarized superfluid or pseudogap normal gas made of fermion pairs and a normal gas made of excess fermions [44] .
To locate where phase separation emerges at low temperatures, we adopt a simplified approach: the unpaired normal phase has a fraction x of the total particles while the paired phase has a fraction 1 − x, and the two phases are separated by an interface with positive energy. Since the system is in equilibrium, T , µ σ and P should be continuous across the interface [46] . The phase boundary between a stable polarized superfluid phase (called the Sarma phase [47] ) or pseudogap phase and the phase separation is given by the condition x = 0. On the deep BEC side, the pairing gap is large and the polarized superfluid phase is robust, so there is no PS even at low temperatures. Since we focus on the shear viscosity in homogeneous phases, we will address the regimes besides PS shown in Fig.1 .
III. SHEAR VISCOSITY IN POLARIZED FERMI GASES
The shear viscosity can be evaluated by linear response theory, or the Kubo formalism [38, 48] ,
where the transverse current-current correlation function is defined by
The frequency is obtained by a complex continuation of the bosonic Matsubara frequency iΩ l → ω + i0 + , so Q becomes (ω, q) andq = q/|q|. The current-current response function can be obtained from the gauge-invariant CFOP theory summarized in Appendix A.
Similar to the decomposition of the total energy gap, the shear viscosity of strongly interacting Fermi gases receives contributions from the condensed and noncondensed fermion pairs and fermionic quasiparticles. Thus,
Here the subscripts "f" and "b" represent the condensed-pair (plus fermionic-quasiparticle) and noncondensed-pair contributions respectively. The former can still be obtained from the CFOP linear response theory via Eq. (2), where the response function K ij can be obtained from Eq. (A2). The bosonic contribution will be discussed later. To ensure the consistency between the thermodynamics and response functions, it is important to find a gauge invariant vertex satisfying the Ward identity (A3), which is also addressed in Appendix C.
When the attractive interaction becomes stronger, finding an explicit expression for a gauge invariant vertex is difficult since the vertex must be modified in the same way as the self-energy in the Green's function [49] . After incorporating the relaxation time from linear response theory, the fermionic part of the shear viscosity, from the condensed pairs and fermionic quasiparticles, is
The details of its derivation can be found in Appendix. C. We emphasize that in Eq. (3) there are also contributions from bosonic excitations via the terms involving ∆ 2 pg , which reflects a reduction of the fermionic normal fluid due to strong pairing effect.
The bosonic contribution η b comes from the noncondensed pairs which are approximated by a noninteracting Bose gas with renormalized mass and chemical potential in our theory. For numerical calculations, the t-matrix is approximated by [50] 
∂q 2 | Q=0 being the effective pair mass and µ pair the pair chemical potential. µ pair is negative since it accounts for the binding energy of fermion pairs. The pseudogap is then approximated by ∆ 2 pg ≈ a
is the Bose distribution function. Then, η b is evaluated by approximating the noncondensed pairs as noninteracting bosons with energy dispersion Ω q . The bosonic contribution to the shear viscosity is given by
An outline of the derivation can be found in Appendix C, and the expression for unpolarized Fermi gases is given in Ref. [38] . Here we have assumed that the relaxation time τ of composite bosons is the same as that of the fermions since the noncondensed pairs are in local equilibrium with the fermions. The relaxation time τ may be obtained by the Boltzmann equation approach at high temperatures [51] [52] [53] or via the approximate relation τ ≈ −2ImΣ(K) [3] , where Σ is the self-energy of fermionic quasi-particles. However, a fully consistent formalism is still lacking for the former at low temperatures when fermion pairs are present. For the latter, the analytical structure of the self-energy is complicated at low temperatures, and a first-principle numerical treatment below T c remains a challenge. Here we first focus on the ratio η/τ and will later present a relation which may help determine the elusive τ for polarized unitary Fermi gases.
In our numerical calculations, we fix the total particle density n. In Fig. 2 , we show η/τ and η f /τ as a function of temperature for polarized Fermi gases in the unitary and BEC regimes with selected polarization p. In the unitary limit shown in panel (a), the polarization is restricted to 0 ≤ p 0.14 where superfluids exist (see Fig. 1  (a) ). Both η/τ and η f /τ increase as the temperature increases since the number of condensed pairs decreases due to thermal excitations. The behavior of η b /τ can be obtained by (η − η f )/τ , and it also increases with temperature since the number of noncondensed pairs treated as a normal bosonic gas increases with T below the pairing onset temperature T * . In the BEC regime, illustrated in panel (b), the polarization is restricted to p 0.21 where superfluids survive at low temperatures. Only when 1/k F a 2.3 in the deep BEC regime, the system becomes fully stable against phase separation. Panel (c) shows the case of 1/k F a = 3.0 and the superfluid phase is stable at low temperatures. Although the basic trend is similar to panel (b), η b /τ contribute more significantly as temperature increases. This is because the noncondensed pairs in the deep BEC regime behave like thermal bosons, whose fraction increases with temperature.
To better understand the dependence of the shear viscosity on the polarization, we show η/τ and η b /τ (instead of η f /τ ) as a function of p from low to high temperatures in the unitary and BEC regimes in Figure 3 . The increase of η/τ with p is quite noticeable because the populationimbalanced superfluid is a homogeneous mixture of the condensed pairs and excess majority fermions, and the latter cause gapless excitations acting like a normal fluid which leads to finite shear viscosity (elaborated below). Therefore, as the polarization increases, the relative population of condensed pairs decreases, and the shear viscosity increases.
At unitarity, the noncondensed pair contribution η b /τ at low temperatures shows a relatively upward trend as p increases, but it saturates at higher temperatures. This trend is opposite to that in the BEC regimes shown in panels (b) and (c). This is because the pairing gap at unitarity is smaller compared to the gap in the deep BEC regime, and the properties of condensed and noncondensed pairs depend more sensitively on temperature and polarization at unitarity. While the effective mass of pairs, M * , approaches 2m in the BEC regime because the fermions are tightly bound, we found M * increases with p at unitarity. In Eq. (4), M * appears both in the denominator and the bosonic dispersion Ω q and the combined effect causes the upward trend of η b /τ as p increases at low temperatures in the unitary limit. As the system enters the BEC regime, M * no longer increases with p and η b /τ decreases with p due to a decreasing fraction of paired fermions. Fig. 3 (c) shows the result in the deep BEC regime. Since the strongly attractive interactions allow the superfluid and pseudogap phases to be highly polarized and accommodate excess fermions, the bosonic contribution η b becomes less dominant as p increases. Moreover, thermal excitations are also less prominent because both the noncondensed pairs and excess fermions have smooth thermal distributions. The shear viscosity of polarized Fermi gases comes mainly from the gapless excitations caused by the excess fermions. This can be understood by the energy dispersion E k↑,↓ = E k ∓ h of the fermionic excitations. If n ↑ > n ↓ , h > 0 and
In both cases, the excitations are gapless because of the excess fermions. The contribution from the gapless excitations can be estimated by n ex = k,σ f (E k,σ ), which only takes significant values if the dispersion is gapless and counts the number of fermionic excitations. In both unitary and BEC regimes, n ex increases with p as shown in the inset of Fig 3(c) . The excitations behave like a normal fluid and dominate the contribution to the shear viscosity at higher p. Fig. 3 (b) shows the results in the shallow BEC regime with 1/k F a = 1.0. Interestingly, here the noncondensed pairs contribute more significantly to the shear viscosity at low p. One can see that indeed η ≃ η b at low p because condensed pairs form a superfluid and do not contribute to the shear viscosity, so the contribution is mostly from the noncondensed pairs behaving like a normal fluid. At higher temperatures, interestingly, η/τ is not monotonic as p increases and a minimum emerges. This is because the number of fermion pairs, including both condensed and noncondensed pairs, decreases as p or T increases as more excess fermions or fermionic quasiparticles are present. Hence, η b /τ decreases with p and T . On the other hand, the fraction of excess majority fermions increases with p, and they increase the shear viscosity. The excess fermions do not participate in pairing and they occupy certain regions in momentum space [44] . In the shallow BEC regime illustrated in Fig. 3 (b) , a competition between a suppression of the non-condensed pairs and an increase of excess-fermions causing gapless excitations as p increases leads to a minimum in the ratio of shear viscosity and relaxation time at intermediate polarization and temperature.
IV. RELATION BETWEEN THERMODYNAMICS AND TRANSPORT
As shown in Ref. [38] , there exists a relation for unpolarized unitary Fermi superfluids connecting thermodynamic quantities, including the pressure and chemical potential, with transport coefficients, including the shear viscosity and superfluid density. The relation is exact at the mean-field level, and an approximate relation was proposed in the presence of pairing fluctuations. Here we derive the analogue relation for homogeneous, polarized unitary Fermi superfluids.
A. Exact relation at mean-field level
We start with the mean-field theory and found the following relation
Here η is obtained from the mean-field theory with the CFOP theory and its expression is similar to η f except the total gap ∆ plays the role of the order parameter ∆ sc , χ is the anomalous shear viscosity representing the momentum transfer via Cooper pairs, P is the pressure, n s is the superfluid density, and τ is the relaxation time.
The relation is formally identical to the relation of unpolarized unitary Fermi gases [38] except the polarization has been included in all the physical quantities used here. A derivation of the exact relation at the mean-field nµ − P (green dotted line) of a unitary Fermi gas as a function of temperature (below Tc) at p =0.02 (a), 0.07 (b) and 0.14 (c). The triangles label where phase separation occurs.
level is given in Appendix B. The pressure P is given by
The superfluid density can be obtained from the paramagnetic response function via [54] 
For polarized Fermi gases in the BCS-Leggett theory, we found
The shear viscosity characterizes the momentum transfer via the normal density, but the Cooper pairs can also transfer momentum and lead to the anomalous shear viscosity χ [38] .
Similar to the stress tensor, we define the anomalous stress tensor Π 
] withτ being the imaginary time and θ(x) the Heaviside step function. By incorporating the relaxation time in the same manner as the shear viscosity, we get
The details are shown in Appendix B. Thus, the exact mean-field relation applies to unitary Fermi gases with or without population imbalance. The relation also implies the consistency of the equations of state and linear response theory implemented in this work.
B. Approximate relation beyond mean-field
In the presence of pairing fluctuations, the exact relation corresponding to Eq. (5) has not been fully resolved and an approximate relation was proposed instead [38] . Here we follow a similar idea and construct an approximate relation. A natural generalization is to include the contribution from the noncondensed bosons. However, the anomalous shear viscosity only measures the momentum transfer through the Cooper pairs and we do not include pairing fluctuations there. Instead, an approximate relation for unitary Fermi superfluids with population imbalance is proposed here:
Here η = η f + η b , P = P f + P b with P f given by Eq. (6) and
T ) being the pressure of noncondensed pairs in the approximation summarized in Appendix C, n is the total particle number density, and
In our approximation, the anomalous shear viscosity χ only include the contribution from condensed pairs and it vanishes above T c since ∆ sc (T > T c ) = 0. When T → 0, this identity reduces to the mean field result (5). We use numerical calculations to check the validity of our approximation and present the comparison in Figure 4 , where we show η/τ , χ/τ , P , and 2 5 nµ as a function of T /T c for p = 0.02, 0.07, and 0.14. The corresponding T c /T F values are 0.262, 0.252, and 0.198. We caution that it is known the t-matrix overestimates T c [32] . We also show the deviation from the identity (10), called Diff = (η + χ)/τ + 2 5 nµ − P . The maximal relative error defined by |Diff/P | is 7.4% for p=0.02, 7.8% for p=0.07 and 5.5% for p=0.14, respectively. Hence the approximate relation works reasonably.
The relation may help determine the relaxation time τ if the shear viscosity, pressure, chemical potential, and superfluid density can be measured in Fermi gases. Since the anomalous shear viscosity plays a similar role as the shear viscosity, measurements of the shear viscosity are likely to report the combined value of η and χ. Then τ is the only unknown in the relation and its value can be estimated. Recent progresses on measuring thermodynamic quantities in homogeneous unpolarized [55] and polarized [56] Fermi gases may eventually accomplish the task of determining the elusive τ .
V. CONCLUSIONS
The shear viscosity of homogeneous, populationimbalanced Fermi gases in the unitary and BEC regimes has been analyzed because phase separation at low temperatures in the BCS and unitary regimes hinders a full description. The contributions from noncondensed pairs are included by a pairing-fluctuation theory. In general, the ratio between shear viscosity and relaxation time increases with the polarization, but a competition between the noncondensed pairs and excess fermions is found in the shallow BEC regime and it causes a minimum in η/τ as p increases. To help determine the relaxation time and constrain physical quantities, we present a relation for polarized unitary Fermi superfluid connecting the shear viscosity, pressure, superfluid density, chemical potential, and anomalous shear viscosity. Although the relation is exact at the mean-field level, in the presence of pairing fluctuations only an approximation is proposed and its full expression awaits future investigations.
Acknowledgment : H. G. thanks the support from the National Natural Science Foundation of China (Grant No. 11674051). For population-imbalanced Fermi gases, the Hamiltonian respects a global U(1) symmetry ψ σ → e −iα ψ σ , where ψ σ is the fermionic field for each species. The current-current response function is evaluated from a gauge invariant linear response theory [57] , which can be obtained by "gauging" the U(1) symmetry. To implement it, the symmetry becomes a local symmetry and we introduce an effective gauge field to maintain the symmetry. The gauge field, which can be thought of as an effective electromagnetic (EM) field A µ = (φ, A), interacts with the fermionic field by coupling with the Noether current of the U(1) symmetry given by J µ = (n, J). Here
The conserved current is perturbed by the effective external EM field as δJ
, where δJ µ is the perturbed mass current, and
is the EM response function. Here γ In a gauge invariant theory, the vertex must satisfy the Ward identity [37, 49, 58] 
It will guarantee that the perturbed current is also conserved: q µ δJ µ (Q) = 0. The gauge invariant EM vertex and the response function ↔ K for unpolarized Fermi gases within the BCS mean field formalism can be found in Ref. [57] .
The current-current response functions correspond to the spatial part of Eq. (A2) and can be decomposed in to the form
where n ↔ = n 1 ↔ with 1 ↔ being the unit tensor has no imaginary part and gives no contribution to the shear viscosity, and C ↔ comes from the contributions of collective modes and does not contribute to the shear viscosity [38] . Only the paramagnetic response function P ↔ is relevant and its expression is given in Appendix.B. To obtain the expression of the shear viscosity we follow the formalism in Ref. [38] and incorporate the relaxation time [48] by regularizing the δ-function with a Lorentzian function
Hence the shear viscosity is found to be [38, 45] , a gauge invariant EM vertex respecting the Ward identity has the form
The second term Γ µ Coll,σ (K + Q, K) in the expression stands for the contributions from the collective modes due to the spontaneous breaking of the U(1) symmetry in the superfluid phase. However, this term is irrelevant when we derive the shear viscosity [37] , so we skip it full expression. The third and fourth terms come from the Maki-Thompson (MT) diagrams associated with the condensed and non-condensed pairs, respectively, and the fifth and sixth terms are two Aslamazov-Larkin (AL) diagrams introduced in a way satisfying the Ward identity. The expressions of those diagrams can be found in Appendix C. By using the identity (C5), the paramagnetic response function is given by Eq. (C6). It can be proven that this formalism satisfies the sum rule [23, 59] 
Here n n (T ) = n − n s (T ) is the normal-fluid density. All the expressions apply to population-imbalanced Fermi gases when the corresponding thermodynamic quantities are used.
Appendix B: Details for Mean-Field Theory
At the mean-field level, we define E
The paramagnetic current-current response function can be derived from Eq. (A4) and is given by
The expression (A6) of the shear viscosity can be derived by similar steps leading to Eq. (C9).
Now we derive an expression of the anomalous shear viscosity following Ref. [38] . The interaction vertex has a dyadic form in the Nambu space γ 
is the Green's function in the Nambu space [57] and
is the anomalous Green's function. It has the property F ↑↓ (−K) = F ↓↑ (K). After plugging in the expressions of Green's functions and following a complex continuation, we get
where k ± = k± q 2 . By following the same step of Eq. (C9) to incorporate the relaxation time, the anomalous shear viscosity is
Now we are ready to give a brief proof of the relation (5). We first prove P = 2 3 E for polarized unitary Fermi gas in the superfluid phase, where
is the energy density. Integrating by parts, we get
Substituting these identities to the expressions of the pressure and energy, and using
where the gap equation has been applied. Now we prove the relation (5). Integrating by parts and applying Eq. (B7), the expression of η becomes
By applying E = 3 2 P and Eq. (B7), we have
After substituting this result into Eq. (B9), we finally get
where we have used the expressions (8) and (9).
Appendix C: Details for Pairing Fluctuation Theory
The MT and AL diagrams for obtaining the gaugeinvariant vertex are given as follows.
and
where t sc and t pg are the t-matrices associated with the condensed and non-condensed pairs, respectively. Moreover, the AL and MT pg diagrams satisfy an identity 
which brings further simplification to our evaluation of the shear viscosity. Including the pairing fluctuation effects, the expression of the paramagnetic response function is given by
In the mean-field BCS-Leggett theory, ∆ pg = 0 and ∆ sc = ∆, and this expression reduces to Eq. (B1).
The shear viscosity acquire two contributions, η = η f + η b . The fermionic contribution to the shear viscosity, including the fermionic quasiparticles and condensed pairs, is given by Eq. (2). In the limit q → 0, we have
To derive the expression of the shear viscosity, we need to regularize the δ-function coming from the imaginary part of the response function given by Eq.(A5),
Hence the shear viscosity is evaluated as
Note the δ-functions in the second line vanish because E The bosonic contribution is from the noncondensed pairs, and it can be obtained by considering the shear viscosity of a gas of composite bosons with the Hamiltonian H b = q Ω q b † q b q . Here b q is the effective annilation operator for the composite bosons. The bosonic Green's function is then given by
The current operator is
This defines a J − J linear response, and the response function is given by
(C12) Finally, the shear viscosity from the noncondensed pairs is given by
